Abstract: Rack feeders are of high practical importance as automated conveying systems. In this paper, control-oriented models are derived for an experimental setup representing the structure of a typical high bay rack feeder. On the basis of these models, feedforward control strategies are designed. The rack feeder is a viscoelastic structure consisting of two identical flexible beams which are attached to a horizontally movable carriage. The beams are rigidly connected at their tip by a pulley block which is necessary for the vertical positioning of a payload. To develop a real-time applicable control algorithm, a frequency analysis is performed for the original double-beam structure. As a consequence, a simplified Bernoulli beam model is derived with specific boundary conditions. The control objective under consideration is the positioning of the flexible beam structure at a desired position in such a way that the terminal mechanical energy stored in the beam is minimized. A modification of the Galerkin method which is based on an integrodifferential approach and a suitable finite element technique are employed to describe the viscoelastic structural vibrations and to design optimal control strategies. Results of numerical simulations are presented and compared with measured data.
INTRODUCTION
The design of control strategies for dynamic systems with distributed parameters has been actively studied in recent years. Processes such as oscillations, heat transfer, diffusion, and convection are part of a large variety of applications in science and engineering. The theoretical foundation for optimal control problems with linear partial differential equations (PDEs) and convex functionals was established by Lions (1971) . Linear hyperbolic equations are treated, besides in Lions' book, in Ahmed and Teo (1981) , Butkovsky (1969) . An introduction to the control of vibrations can be found in Krabs (1995) . Oscillating elastic networks were investigated, e.g., in Lagnese et al. (1984) . Different approaches to the discretization of dynamical models with distributed parameters are developed to reduce the original initial-boundary value problem to a system of ordinary differential equations (ODEs). In this context, variational and projection methods are powerful tools to solve control problems for elastic structures. The method of integrodifferential relations (MIDR) was proposed in Kostin and Saurin (2006) for the design of optimal control laws for elastic beam motions. A projection approach was developed as a modification of the Galerkin method in the frame of the MIDR for dynamical systems described by linear parabolic PDEs in Rauh et al. (2010) . In the current paper, this approach is combined with the finite element method developed in Saurin et al. (2011a, b) . It is extended to modeling and optimal control of rack feeder systems with distributed elastic and inertial parameters which have already been considered by using an alternative system representation in Aschemann et al. (2011) .
In Section 2, a typical structure of a flexible rack feeder system is considered. A Bernoulli beam model describing its structure is presented in Section 3. After that, a Fourier analysis is performed to reduce the beam model in Section 4 to the necessary degrees of freedom. The initial-boundary value problem describing the viscoelastic beam motion is formulated in Section 5. In the next section, an optimal control problem for damping of beam vibrations is given. A finite element algorithm is described in Section 7. The proposed control strategy is demonstrated, numerically verified, and experimentally validated in Section 8. Finally, the paper is concluded with an outlook on future research in Section 9.
A TYPICAL STRUCTURE OF FLEXIBLE RACK FEEDERS
The experimental setup which has been built up at the Chair of Mechatronics of the University of Rostock represents the structure of a typical high bay rack feeder as shown in Fig. 1 (left). The flexible structure consists of two identical beams clamped vertically to a horizontally movable carriage. The plane motions of the system are described in the noninertial Cartesian reference frame with the vertical axis x , the horizontal axis z and the origin O located at the point where the beams are attached to the carriage. 
where ω is the unknown eigenfrequency, .
The boundary conditions at the bottom and top of the beam have the form 
REDUCED DOUBLE BEAM MODEL
To derive a control-oriented model for the experimental setup, let us estimate the three lowest eigenmodes of the rack feeder structure which are only excited noticeably in typical motions. The following geometrical and mechanical parameters provided by measurements are used in the vibration analysis: 
It can be shown numerically that the real moments of inertia l I and a I do not sufficiently contribute to the values of the first three eigenfrequencies n ω , 1, 2, 3 n = . Therefore, they are set to zero in (3), (4).
The eigenvalues for the system (1), (3), (4) obtained by the Fourier method (see Courant and Hilbert (1989) , from (2) can be replaced rather accurately by linear approximations with respect to the coordinate x . Moreover, the lateral displacements 1 ( ) w x and 2 ( ) w x do not differ noticeably from each other for these modes. All this allows us to propose a reduced model of the rack feeder (see Fig. 1 , right) as a single Bernoulli beam with the doubled geometrical parameters of the cross section area 2 A and the moment of area 2I . 
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Here κ is the effective elastic coefficient of the hinged support at the upper beam end. Its value 2 2 / AEb l κ = directly follows from the quasistatic approximation of the longitudinal force j f in (3).
As it is shown in Table 1 , both the original and the reduced models have rather close values of the wave numbers λ and the eigenfrequencies ω for the first three modes.
Furthermore, the reduced model includes only one unknown displacement function w as compared with four in the original structure. As a consequence, this simplified model can be applied more efficiently to control design without relevant loss of accuracy.
VISCOELASTIC MOTIONS
The flexible beam elements of the experimental setup are made of aluminium alloy that behaves in the design area of the working parameters more or less like a viscoelastic medium. As it is shown in Fig. 2 , the experimental measurements confirm the exponential characteristic of amplitude damping during free vibrations of the structure. Let us consider the Kelvin-Voigt model of viscoelasticity to take into account this damping. Then, the dynamical system of PDEs describing the motion of the reduced beam structure proposed in the previous section can be represented by 0, :
where ( , ) w t x is the displacement, ( ) s x is the bending moment, ( , ) p t x is the linear density of lateral momentum, and v δ is the viscosity factor. Auxiliary functions η and ξ are introduced here to shorten the subsequent notations. Analogously to the relations (7), the boundary and interelement conditions are stated as 
For the system (8), (9), the free lateral displacement w can be given in the form ( ) Experimental data of the free vibrations of the rack feeder structure allows for estimating the first eigenfrequency and the damping factor as 
OPTIMAL CONTROL PROBLEM
To formulate an optimal control problem in closed form, it is necessary to specify the initial conditions in an appropriate form
where 0 w is the lateral beam displacement at the initial time 0 t = and 0 p is the initial momentum distribution.
Consider controlled motions of the viscoelastic beam described by the PDE system (8) with boundary and initial conditions (9), (12). In this system, the function v , corresponding to the velocity of the carriage, is the control input and T is the terminal instant of the control process. The problem is to find an optimal control * ( ) t v in a given control set V that moves the carriage from its initial state defined in (11) 
The total energy W contains not only a term defined by the distributed parameter (the density of beam energy)
but also the terms specified by the lumped system components such as the inertia of the cage and the pulley block as well as the elasticity of the hinged support at the upper beam end (see Fig. 1 ).
To solve the initial-boundary value problem, we apply the MIDR in which the local equalities 0 η ξ = = and initial conditions (12) are replaced by integral relations, whereas the first relation in (8), representing the equilibrium equation, as well as the boundary conditions (9) are satisfied exactly.
FINITE-ELEMENT SEMI-DISCRETIZATION (FEM)
Let us eliminate the function s by taking into account the first equation in (8) = during the experiment with the same control * v are presented in Fig. 6 . It is important to note that the strain gauge signal is proportional to the bending moment in the beam cross section at the point d x . It can be seen that the bending moment output obtained in the numerical simulation (Fig. 5) is very similar to the experimental signal (Fig. 6 ).
However, noticeable higher oscillation frequencies are also excited in the experiment. Nevertheless, the residual vibrations of the rack feeder are not so essential, and the system reaches the desired position 0.5 m T z = with high accuracy in the defined time t T ≤ , as shown in Fig. 7 . 
CONCLUSIONS AND OUTLOOK
In this paper, a Fourier technique has been applied to derive a control-oriented model of a typical high bay rack feeder. A modeling and optimization algorithm has been developed for feedforward control of distributed viscoelastic structures based on the MIDR, a projection approach, and a novel finite element technique. A numerical verification and experimental validation on a test rig has been performed for the proposed control strategy. In future work, an offline identification of system parameters from measured data and the design of a robust observer-based feedback control structure are planned on the basis of the MIDR.
